
!16

> 0.005 eV

< 0.001 eV

A. P. Bartok, JRK, N. Bernstein and G. Csanyi, PRX 8, 041048 (2018)

Vacancy  
migration

21

FIG. 20. Linear thermal expansion, Grüneisen parameter,
and specific heat of silicon computed with various models,
using the quasi-harmonic approximation, compared to
experimental results:
a: Lyon et al214

b: Okada and Tokumaru211.

configuration was included in the fitting database.
A comparison of the energy along one of the paths,

glide plane relaxed, for all potentials, is shown in Fig. 22,
and the corresponding fractional errors in the peak en-
ergy along all relaxed paths relative to DFT for all the
interatomic potentials are shown in Fig. 1. The results
for GAP show reasonable agreement with DFT, similar
to the best of the other interatomic potentials, and much
better than most.
The final point on the glide plane GSF path is the con-

ventional stable stacking fault energy �sf , which is listed
in Table III. The DFT reference value is small and pos-
itive, indicating that the hexagonal stacking is higher in
energy than cubic diamond structure. To get a sense of
the scale, note that the glide curve does not quite reach
zero at the right hand side of Fig. 21: that mismatch cor-
responds to the stable stacking fault energy. The GAP
value is positive but much too small, indicating that di-
amond structure is indeed the lowest energy configura-
tion, but underestimating the energy di↵erence. There
are four atoms with non-diamond-like second neighbour
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FIG. 21. Relaxed generalized stacking fault energies along
minimum barrier energy path directions ([112] for glide and
[110] for shu✏e) computed with DFT (black solid lines) and
GAP. The thick curve showing the GAP model energies is
coloured according to the maximum per-atom predicted error
of the GAP model, and dashed where the predicted error
exceeds the scale maximum of 5 meV/atom. The upper two
curves correspond to glide plane and the lower two to the
shu✏e plane.

environment, and the DFT energy di↵erence corresponds
to a contribution of about 10 meV from each roughly in
correspondence with the ⇠2.5 meV/atom predicted error
(purple colour). The elevated predicted error shows that
GAP’s range and flexibility can distinguish these envi-
ronments, and the �sf value could probably be improved
by extending the database. While most potentials tested
are short ranged and give exactly zero energy, ReaxFF
has a similar value to GAP, while MEAM gives a quali-
tatively incorrect negative �sf . The DFTB model is the
only one that accurately reproduces the DFT value.

TABLE III. Stable stacking fault energy �sf for each model.

Model �sf (J/m
2)

DFT 0.047
GAP 0.002
EDIP 0.000
Terso↵ 0.000
Terso↵Scr 0.001
Purja Pun 0.000
MEAM -0.046
SW 0.000
ReaxFF 0.004
DFTB 0.052

D. Grain boundary

Another class of planar defects that was not included
in the fitting database are grain boundaries, which are
the interfaces between identical crystal lattices in di↵er-
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FIG. 22. Relaxed glide-plane generalized stacking fault en-
ergies along minimum barrier energy path [112] direction
computed with DFT (solid lines), GAP (red dashed lines
with symbols), and other interatomic potentials (other color
dashed lines).

ent orientations. As a simple example of these struc-
tures we chose the (112) ⌃3 tilt boundary of the dia-
mond structure, which can be represented by a relatively
small unit cell and can therefore be e�ciently computed
with DFT. We computed the energy per unit area of this
grain boundary with the various interatomic potentials
and DFTB, as well as DFT, using a cell with 48 atoms,
which had a single interface unit cell and was about 27 Å
long normal to the boundary. The resulting fractional
errors relative to the DFT value are shown in Fig. 1,
and the GAP force errors for the DFT relaxed configura-
tion are shown in Fig. 2. Despite the fact that the grain
boundary structure was not in the fitting database, the
GAP energy is in excellent agreement with DFT. The dif-
ference between the DFT and GAP relaxed geometries is
also small, as indicated by the small magnitudes of the
GAP forces in the DFT relaxed geometry (Fig. 2), and
the corresponding displacements (not shown) are nearly
imperceptible. The accuracy of the other interatomic po-
tentials varies considerably, with some also in very good
agreement but others with very large energy errors rela-
tive to the DFT reference.

E. Four-fold defect

The point defect with the lowest formation energy in
the diamond structure of silicon is the so-called “four-
fold coordinated defect”193, which is formed by a bond
rotation followed by reconnecting all broken bonds. The
energy barrier for the reverse process (i.e., annealing out
this defect) is relatively small, and the GAP model does
not in fact stabilise this defect, as shown in Fig. 23. In-
deed, the database does not contain anything resembling
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FIG. 23. Relaxation path of the GAP model showing the
instability of the four-fold defect as a function of the angle
of the rotating bond relative to its initial orientation. The
left hand side of the plot corresponds to the local minimum
of the four-fold defect for the DFT model. The black curve
shows the energy of the configurations of this path evaluated
with DFT (this is not a DFT minimum energy path, but of
course still shows a barrier). The thick curve shows the GAP
model energies, coloured according to the maximum per-atom
predicted error of the GAP model, and is dashed where the
predicted error exceeds the scale maximum of 5 meV/atom.

the bond rotation process or the final defect structure,
and this is quantitatively shown by the predicted error.
The energies of the GAP model agree very well with
those of DFT up to where the predicted error (taken
as the maximum over all atoms) is lower than about
3 meV/atom, and strongly deviate after that. Similarly
to the planar defects, the predicted error gives a good
qualitative indication of where the database is deficient
and is in need of extension.

F. Vacancy migration

We compared the migration paths for vacancies in 63
atom diamond structure cells predicted by the various
models, as a test of their ability to describe bond break-
ing processes. The endpoints were relaxed with pre-
conditioned LBFGS220 to a maximum force tolerance
of 10�3 eV/Å, and the path was calculated as a linear
interpolation between the two relaxed endpoints. The
intermediate configurations were not relaxed (as in, for
example, the nudged elastic band method221), because
features in the PES of many of the potentials led to ill-
behaved paths, similar to the inconsistencies previously
noted for the Terso↵ potential222. The results shown in
Fig. 24 indicate the wide variability in the quality of the
predictions from the interatomic potentials in compari-
son to DFT, with many of the models significantly over
or underestimating both the formation energy and the
migration barrier for vacancies.
For GAP, MEAM and Terso↵Scr, which produce for-

Four-fold
defect

Uncertainty Quantification for the Silicon GAP model



!17

Challenges and Opportunities
• Propagate uncertainty on GAP atomic energies through to material properties

• UQ so far only accounts for limited training data, but there are many other sources of 
uncertainty – e.g. QM model error, algorithmic uncertainty, …

• Model error: sample ensemble of “reasonable” potentials from GP without training

• Carry out active learning using predicted uncertainties to build models on-the-fly 
– e.g. Z. Li, J. R. Kermode and A. De Vita, Phys. Rev. Lett. 114 096405 (2015)

• Stochastic coarse graining to inform hierarchical multiscale models

• UQ needed for concurrent QM/MM multiscale schemes

Complex chemistry & realistic systems…
… require large systems, long timescales and quantification of uncertainty
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