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Background — Strain Localization in 
Quasibrittle Materials

Quasibrittle (brittle heterogenous) materials exhibit a softening stress-
strain behavior, which leads to strain localization. �
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Localization instability:
— non-uniform deformation incipient in a 
band with continuing equilibrium and 
homogenous deformation outside the band.

—Eigenvalue analysis of acoustic tensor (e.g. 
Rudnicki and Rice 1976 — finite strain 
plasticity, Jirásek 2007 — damage softening)
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Strain localization leads to the issue of mesh objectivity in continuum FE 
modeling — loss of ellipticity of the governing equation. 

Existing numerical techniques to treat strain localization — localization 
limiters
I. Crack band model (Bažant and Oh 1983)
     — adjust the post-peak of stress-strain curve to preserve the fracture 
energy (link smeared damage to cohesive crack)

Background — Localization Limiters

II. Nonlocal continuum    
— introduce non-locality to the constitutive relationship 

1) Integral type models (Bažant and Pijaudier-Cabot 1987)

2) Gradient type models (e.g. Aifantis 1984, Bažant 1984, Mühlhaus and 
Aifantis 1991, Peerlings et al. 1996)
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Stochastic Analysis: A Simple Example
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Deterministic analysis:

Stochastic analysis:
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Figure 7.9 Simulated probability distributions of peak load capacity of a uniaxial
tension specimen with di↵erent discretizations.

ministic analysis (Fig. 7.3), the strength of bar is independent of the number
of elements because every element has the same strength. This simple analysis
indicates that stochastic FE simulations of quasibrittle fracture would su↵er a
more severe issue of spurious mesh dependence as compared to the deterministic
case. As discussed in Sec. 7.1, in deterministic analysis the mesh dependence
issue arise from the lack of energy regularization. For stochastic analysis, besides
the issue of energy regularization, the other issue is the lack of consideration
of the mesh dependence of strength distribution when the element size is larger
than the crack band width.

In a recent study, Le and Eliáš developed a probabilistic crack band model to
mitigate the mesh dependence issue in stochastic simulations (Le & Eliáš 2016).
The essential idea is to adjust the probability distribution functions of the tensile
strength and fracture energy density according to the mesh size. In addition to
the aforementioned regularization of energy dissipation, which is the essence
of the conventional crack band model, this probabilistic model also takes into
account the random onset of damage localization inside one finite element. The
random location of the crack band is related to the randomness of the tensile
strength, which is described by a finite weakest-link model.

Strength cdf
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Figure 6.14 Mean size e↵ect curve predicted by the finite weakest-link model.

be approximated by a point transition at which both parts are grafted with a
continuous cdf slope. The height of the grafting point characterizes the degree
of brittleness of structure, which is governed by the equivalent number of RVEs,
Neq.

6.3 Mean Size E↵ect on Structural Strength

Based on the cdf of structural strength, we can calculate the mean structural
strength as �̄N =

R 1
0 �N (Pf )dPf . Since the nominal strength is positive by defi-

nition, we can evaluate the mean strength alternatively as

�̄N =

Z 1

0

NY

i=1

{1 � P1[�N hs(xi)i]}d�N (6.46)

where P1 = cdf of RVE strength, which is given by Eqs. 6.42a and 6.42b. By
considering geometrically similar structures of di↵erent sizes, we readily obtain
a size e↵ect curve of the mean structural strength.

Fig. 6.14 presents the mean size e↵ect curve together with the corresponding
strength pdf, varying from the Gauss-Weibull grafted distribution at the small
size to the Weibull distribution at the large size. It is seen that, in the logarithmic
plot, the large-size asymptote of the size e↵ect curve follows a straight line, which
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Regularization of  fracture energy of localized crack — Conventional 
crack band model (Bažant and Oh 1983)

Probabilistic Crack Band Model 

 

hc

he

� �

✏

 

he

� �

✏
� -function

�

w

Gf

cohesive law
he� = Gf

� =

Z ✏u

0
�(✏)d✏

�

✏

he increases
�



Transition from damage initiation to damage localization:
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is proportional to the element size, but       is a material 
constant. Therefore, it is necessary to model the transition 
between damage initiation and localization. 
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Regularization of Fracture Energy


