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energy regularization 
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Fig. 3. Regularization of fracture energy based on lo-
calization parameter κc.

It is clear that Eq. 3 is written by considering that the lo-
calization has occurred, which does not explicitly address the
transition from damage initiation to localization. At the dam-
age initiation stage, the entire material element would suffer
damage and therefore the total energy dissipation of the ma-
terial should be proportional to the element size. To account
for such a transition, we propose a phenomenological energy
regularization equation using the localization parameter κc:

γ = γ0 f (κc) (4)

where: f (κc) =
h0

he

+

(
1− h0

he

)
exp

(
− κc

κ0c

)
(5)

Function f (κc) leads to a smooth transition of the energy
dissipation density from γ0 to G f /he as the damage localizes
(Fig. 5), and the transition is governed by the parameter κ0c.

Following the aforementioned formulation, we can de-
termine the cumulative distribution function (cdf) of the en-
ergy dissipation density γ from the probability distribution of
the fracture energy

Fγ(x) = Pr(γ ≤ x) (6)
= FG f

[xh0/ f (κc)] (7)

where Fγ(x) = cdf of energy dissipation density and FG f
=

cdf of fracture energy. Eq. 7 indicates that the probability
distribution of the energy dissipation density is governed by
the localization parameter as well as the material element
size relative to the crack band width. However, the functional
form of Fγ(x) is the same as that of the cdf of the fracture
energy, which remains unchanged for different element sizes.

The distribution function FG f
is assumed to obey a

Gaussian-Weibull grafted distribution [28], which reads

PGW(x) =






1− exp[−(x/s0)m] (x ≤ xgr)

Pgr +
r f

δG

√
2π

∫
x

σgr

e
−(x′−µG)

2/2δ2
Gdx

′ (x > xgr)

(8)
where m and s0 are the shape and scale parameters of the
Weibull tail, and µG and δG are the mean and standard de-
viation of the Gaussian core if considered extended to −∞;

r f is a scaling parameter required to normalize the grafted
cdf such that PGW(∞) = 1, and Pgr = grafting probability =
(xgr/s0)m. The continuity of the probability density func-
tion at the grafting point requires that (dPGW/dσN)|x+gr

=

(dPGW/dσN)|x−gr
.

2.3 Probabilistic onset of damage localization
The foregoing analysis only considers the formation of

a damage band inside the material element. However, it is
evident that there is an inherent randomness of the location
of the damage band. As mentioned earlier, the eigenvalue
analysis of the acoustic tensor indicates that the necessary
condition of the onset of the damage band is that the tensile
strength is reached [5]. Therefore, we may consider that the
location of the damage band in the material element is de-
termined by the local tensile strength. In other words, the
random onset of the damage band in the material element
should be reflected by the statistics of the tensile strength of
the corresponding Gauss point.

Since the auto-correlation length of the random field of
material strength is smaller than the crack band width, we
may use the classical weakest link model to describe the cdf
of the material strength for each Gauss point, i.e.

Fft
(σ) = 1− [1−P1(σ)]ne (9)

where ne = number of potential crack bands that could be
formed in the material element represented by the Gauss
point, and P1(x) = cdf of the tensile strength of the mate-
rial element of a size equal to the crack band width. It has
been shown that P1(x) can also be described by the Gaussian-
Weibull grafted distribution function (i.e. Eq. 8) [16, 17].

Fig. 4. Propagation of localized damage.

To determine the number of potential crack bands ne, it
is essential to first check whether there would be a random
onset of localization band in the material element. This ran-
domness is largely governed by the strain localization level
in the surrounding material elements. Consider that one sur-
rounding material element has experienced localized damage
as shown in Fig. 4. This indeed corresponds to the scenario
of the propagation of localized damage. In such a case, the
localized damage in the surrounding element would physi-
cally lead to stress concentration, which dictates the location
of the onset of localization band in the element of interest.
Therefore, there would not be any randomness in the loca-
tion of the localization band, which implies ne = 1. In this

γ = γ0f(κc) f(c) =
hc

he
+

✓
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Strength distribution of a material element of size he: 

Probabilistic Treatment of Random Onset of 
Localization Band

The location of the localization band is determined 
by the material strength, which naturally exhibits 
certain spatial randomness.  

  

hc

Damage model — incipient of localization occurs 
around the peak strength (Jirásek 2007).

P (ft) = Pr(f 0
t  ft) = 1� [1� P1(ft)]

ne

P1(ft) = strength distribution of a single localization band 
ne = equivalent number of potential localization band in the 

element
Le and Elias, J. Appl. Mech. 2016



Strength distribution of a material element of size hc (Bažant et al. 
2009; Le et al. 2011; Bažant and Le 2017)

materials. By considering a weak bi-material interface, it is reasonable to consider that the
failure probability of the structure is purely governed by the failure statistics of the interface
elements.

Based on the joint probability theorem and the assumption that the strength of each RVE
is statistically independent, the failure probability of the structure can be written as:

Pf (⇤N) = 1�
N⇧

p=1

[1� P1(⇤N⌃s(xp)⌥)] (11)

where P1 is the failure probability of the RVE along the bi-material interface, N is the number
of RVEs along the bi-material interface, ⌃x⌥ = max(x, 0), and ⇤N⌃s(xp)⌥ = ⇤(xp) = maximum
elastic principal stress at the center of pth RVE. Since we can conveniently choose ⇤N as the
maximum elastic stress at the peak load, then max s(xp) = 1.

Based on the atomistic fracture mechanics and statistical multi-scale transition, it has been
shown that the probability distribution of strength of one RVE P1 can be approximately mod-
elled as a Gaussian distribution onto which a Weibull tail is grafted at a probability about
10�4 � 10�3 [9, 7, 21]:

P1(⇤) = 1� exp [�(⇤/s0)
m] (⇤ < ⇤gr) (12)

P1(⇤) = Pgr +
rf�
2⇥�G

⌃ ⇥

⇥gr

e�(⇥0�µG)2/2�2Gd⇤0 (⇤ ⇥ ⇤gr) (13)

where s0 and m (Weibull modulus) are scale and shape parameters of the Weibull tail, µG

and �G are the mean and standard deviation of the Gaussian core if considered extended to
�⇧; rf is a scaling parameter required to normalize the grafted cdf such that P1(⇧) = 1, and
Pgr = grafting probability = 1 � exp[�(⇤gr/s0)m]. Finally, the continuity of the probability
density function at the grafting stress requires that: (dP1/d⇤)|+⇥gr

= (dP1/d⇤)|�⇥gr
. Similar

to the foregoing analysis of the bi-material interfacial fracture, the damage of the interface
RVE consists of micro-cracking in both dissimilar materials and the adhesive. Therefore, the
statistical parameters in Eqs. 12 and 13 describe the e�ective strength of bi-material interface
element, which are influenced by the two dissimilar materials and the adhesive.

The corresponding mean structural strength can be calculated as:

⇤̄N =
⌃ 1

0
[1� Pf (⇤

0
N)]d⇤

0
N (14)

By substituting Eq. 11 into Eq. 14, we could obtain the size e�ect on the mean structure
strength. Though it is impossible to have an analytical solution for ⇤N , an approximate equation
has been proposed [8, 9, 21]:

⇤̄N =

⇤�
C1

D

⇥r/m

+
C2

D

⌅1/r
(15)

where the constants C1, C2, and r can be determined by three asymptotic conditions: [⇤̄N ]D!l0 ,
[d⇤̄N/dD]D!l0 , and [⇤̄ND1/m]D!1. At the large-size limit, Eq. 15 corresponds to classi-
cal Weibull size e�ect, i.e. ⇤N ⌅ D�1/m, because the strength distribution follows the two-
parameter Weibull distribution for D ⇤ ⇧. Furthermore, note that such a Weibull size e�ect
indicates one dimensional scaling even though we consider two-dimension geometrical scaling of
the entire structure. This is because, in this study, we neglect the thickness of the bi-material
interface.

6

Probabilistic Treatment of Random Onset of 
Localization Band

The number of potential crack bands is governed by the localization 
level
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Fig. 5. Dependence of the effective number of potential
crack bands on the localization parameter kw.

study, the effect of the localization damage of the surround-
ing Gauss points on the weakest link model is described
through an empirical function

ne = 1+
✓

he

h0
�1

◆
exp

✓
� kw

k0w

◆
(10)

It should be emphasized here that the strain localiza-
tion mechanism has different effects on the probability dis-
tributions of energy dissipation density and material tensile
strength of each Gauss point: the tensile strength is dic-
tated by the minimum tensile strength of the material element
of a crack band width whereas the energy dissipation den-
sity is directly related to the fracture energy of the material.
This leads to different treatments of the mesh dependence of
the cdfs of tensile strength and energy dissipation density.
For the present probabilistic analysis the tensile strength and
fracture energy are treated as two uncorrelated random vari-
ables.

3 Numerical Examples
The proposed PCBM is applied to simulate the proba-

bility distributions of the nominal strength of three concrete
specimens under different loading configurations (Fig. 6).
The nominal stresses for these three specimens are defined
as the maximum principal stress based on the elastic analy-
sis, which can be expressed as

sN = P/bD for uniaxial tension (11)
sN = 6M/bD

2 for pure bending (12)
sN = 3PL/2bD

2 for three-point bending (13)

where P,M = the applied load and moment, D = specimen
depth, L = specimen length, and b = width of the specimen
in the transverse direction. The maximum nominal stress,
sN,max, corresponds to the nominal stress computed for the
maximum load (Pmax,Mmax) that the specimen can sustain.
For comparison purpose, two other models are also used to
perform these simulations, which include 1) the crack band
model (Eq. 7) without adjusting the probability distribution
of tensile strength (i.e. ne = 1 for Eq. 9), which is denoted

Fig. 6. Loading configurations of three specimens: a)
uniaxial tension, b) pure bending, and c) three-point
bending.

by CBM, and 2) the crack band model (Eq. 7) with consid-
ering the weakest link model of tensile strength regardless of
the localization level (i.e. ne = he/h0 for Eq. 9), which is
denoted by WLM.

3.1 Constitutive model
In this analysis we consider a simple isotropic damage

model even though the proposed PCBM can also be incorpo-
rated into other more sophisticated constitutive models. The
present constitutive relationship can be written as

s = (1�w)D : e (14)

where D=elastic stiffness tensor and w= damage parameter.
The parameter w describes the damage level of the material
point. Here w is expressed as a function of the equivalent
strain, ē, defined by [29]

ē =

s
3

Â
I=1

heIi2 (15)

where e1�3 are principal strain values. The damage parame-
ter is then calculated by assuming a linear softening behav-
ior:

w =

8
>>><

>>>:

0 ēm  ft/E

1� ft (2g� ft ēm)

ēm

�
2gE � f

2
t

� ft/E < ēm  2g/ ft

1 otherwise

(16)

where ēm is the maximum value of ē that has ever been at-
tained during the past loading history. To prevent a snap-
back stress-strain behavior, the fracturing strain should not
be smaller than the strain at the elastic limit, i.e. g  f

2
t
/2E,

and with Eq. 3 we have he  2G f E/ f
2
t

. This represents
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✓
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� 1

◆
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Probabilistic Treatment of Random Onset of 
Localization Band



P (ft) = 1� [1� P1(ft)]
ne

1. Regularization of fracture energy —transition from damage 
initiation to localization

2. Probabilistic treatment of randomness of localization band —
nonlocal information to determine the applicability of the weakest 
link model
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F�(x) = FGf [xhc/f(c)]

Probabilistic Crack Band Model 



Depending on the localization level, the input probability distribution 
of tensile strength varies with the mesh size — transitioning from a 
Gaussian cdf to a Weibull cdf. 

Implications of Probabilistic Crack Band Model

Gaussian
but Weibull tail

m
1


