
Then transform it back to non-
Gaussian field h(x).

In this study, we will include the random cohesive properties based on an auto-correlated
random field denoted by H(x), where x is spatial coordinates. For a particular location x0,
H(x0) represents a random variable. Since a stationary random field will be considered,
the entire domain will share the same probability density function for H(x0). The spatial
fluctuation of the random field will be characterized by an autocorrelation length d, which
is approximately equal to two to three times the average grain size [22]. The correlation
coe�cient ⇢ij between field variables at coordinates xi and xj will be assumed to obey a
squared-exponential function:

⇢ij = exp
�
�||xi � xj||2/d2

�
(4)

As mentioned, the key cohesive properties are the mode-I and mode-II material strengths
and fracture energies. It is reasonable to consider that at the micro-scale the random material
strength is fully correlated with the random fracture energy [22]. Therefore, the spatial
randomness of these properties denoted by Ai (i = 1 � 4) can be described by scaling a
single random field with the mean value of these properties Āi: Ai(x) = ĀiH(x). For a
given location x0, the probability distribution of the random variable z = H(x0) can be
approximated by a Gaussian distribution onto which a power-law tail is grafted from the left
at a probability of about 10�4 � 10�3 [22, 4, 28]:

FGW (z) = 1� exp[�(z/s0)
m] (z  zgr) (5)

FGW (z) = F (zgr) +
rfp
2⇡�G

Z z

zgr

e
�(z0�µG)2/2�2Gdz

0 (z > zgr) (6)

where m, s0 are Weibull modulus and Weibull scaling parameter, µG, �G are the mean and
standard deviation of the Gaussian core if extended to �1, rf is a scaling parameter required
to normalize the grafted probability distribution such that FGW (1) = 1, and dFGW/dz must
be continuous at z = zgr. Such a grafted distribution function was recently developed by the
PI for the strength and fracture energy of quasibrittle materials based on atomistic fracture
mechanics [4, 28]. Since the mean value of z is equal to 1, only three independent statistical
parameters need to be calibrated.
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where m, s0 are Weibull modulus and Weibull scaling parameter,  µ, δG are the mean and standard 
deviation of the  Gaussian core if extended to −∞, rf is a scaling parameter required to normalize 
the grafted probability distribution such that F(∞) = 1, and dF/dz must be continuous at z = zgr.  
Since the mean value of z is equal to 1, three independent statistical parameters need to be 
calibrated.  Note that bi-material hybrid structures have three F(z) functions, which describe the 
statistics of the constitutive relations of the two dissimilar materials as well as the interfacial 
bonding.  

The generation of H(x) consists of two steps: (1) A Gaussian field is generated using the 
spectral representation according to Shinozuka and Jan (1972) and Shinozuka and Deodatis 
(1996), and (2) the Gaussian distribution function is converted to the grafted distribution (Eqs. 
13a and 13b) as: where θG and θGW = values, and FG and FGW are cdf’s of the 
Gaussian and the grafted Gaussian-Weibull field, respectively (Grassl and Bažant 2009). 

It is computationally expensive to generate a random field for a large number of cells. To 
reduce the computation time, the expansion optimal linear estimation method (Li and Kiureghian 
1993) will be adopted.  The random field is first generated on some grid by the series expansion 
method and then “projected” onto the chosen set of points.  Fig. 7 shows a preliminary simulation 
of a random field for a beam by the optimal linear estimation method.   

 

 
 

Figure 7. Random fields of different autocorrelation lengths for homogenous structures: (a) 
generated on a grid; (b) “projected” to the facet centers by optimal linear estimation. 
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Figure 5: Random field with di↵erent auto-
correlation lengths: a) generated on a grid; b)
projected to the grain boundaries by the opti-
mal linear estimation method.

The generation of the random field H(x)
will consist of two steps: a Gaussian field
will first be generated using the spectral rep-
resentation [48, 47], and the Gaussian dis-
tribution function will then be converted to
the grafted distribution (Eqs. 5 and 6) as:
✓GW = F

�1
GW [FG(✓G)] where ✓G and ✓GW =

values of random variables, and FG and FGW

are cdfs of the Gaussian and the grafted
Gaussian-Weibull fields, respectively. Fur-
thermore, we will use the optimal linear es-
timation method [33] to improve the compu-
tational e�ciency of the random field gener-
ation. In this method, the random field will
be first generated on some large grids by the

D-9

Auto-correlated random field 
generated on a grid and then 
projected onto the grain boundaries. 

⇢ij = exp
�
�||xi � xj ||2/d2

�

Random variable h(x) follows a 
Gauss-Weibull cdf.
Generate std. Gaussian field by 
using the optimal linear estimation 
method (Li and Der Kiureghian 1993)

Stochastic Discrete Element Model — Random Field

where ft = tensile strength, fs = shear strength,  = tan�1
h
en/

q
↵(e2m + e2l )

i
, ⌘ = fs/ft, and µ =

constant. The history variable � is expressed as

� =

(
eeq / 0 + emax (1�  / 0)  0   < 0

emax  � 0
(17)

where emax =
q
max (e2n) + ↵max

�
e2m + e2l

�
, in which the maxima is calculated for the entire loading

history, and  0 = � arctan (⇣
p
↵). For the present numerical simulations, the facets mainly experience

tensile-shear damage. Therefore, it is not necessary to cover the full scenario of compressive damage.
Finally, parameter K represents the initial slope of the nonlinear branch of the constitutive law

[42], which is given by

K = �Kt
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◆nt
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; nt =

ln [Kt/(Kt �Ks)]
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where Kt,Ks are the values of K for pure tensile and shear loading, respectively. Kt and Ks are
expressed as

Kt =
2E0

lt/lij � 1
Ks =

2↵E0

ls/lij � 1
(19)

where lt = E0Gt/f2
t , ls = E0Gs/f2

s , and Gt, Gs = mode I and II fracture energies. It should be
pointed out that Eq. 19 involves two material length scales lt and ls so that the energy expended for
the fracture of a unit area of facet is independent of the distance between the nuclei.

It is worthwhile to mention that the present constitutive model itself is rate-independent, and
therefore the rate e↵ect on macroscopic behavior of the specimen is largely due to inertia and its
influence on the interaction of facet failures. Such a modeling approach has been adopted in several
previous discrete simulations of dynamic fracture of ceramic materials [10, 12, 47, 19], which were able
to capture the rate dependent failure behavior reasonably well. Meanwhile, it has also been shown
that the rate dependence of the constitutive behavior plays a secondary role in the overall failure
behavior under a high strain-rate condition [48, 49], which is of interest to the present study.

The aforementioned constitutive model contains the following parameters: 1) elastic modulus E0

in the normal direction, 2) tangential to normal sti↵ness ratio ↵, 3) mesoscopic tensile and shear
strengths ft, fs, 5) mesoscopic mode I and II fracture energies Gt, Gs, and 6) constants µ and ⇣. It is
well known that the properties of quasibrittle materials usually exhibit a considerable degree of spatial
variability. For studying the failure behavior, the most relevant parameters are strengths and fracture
energies [29]. In this study, we characterize the spatial random distribution of mesoscopic strengths
and fracture energies by assigning a single random field h(x):

ft(x) = f̄th(x); fs(x) = f̄sh(x) (20)

Gt(x) = Ḡt [h(x)]
2 ; Gs(x) = Ḡs [h(x)]

2 (21)

Eqs. 20 and 21 imply that, on each facet, the material length scales lt and ls are deterministic
constants. The underlying probability distribution function governing the random field h(x) follows
the Gauss-Weibull grafted distribution (Eq. 2a and b) with a mean value equal to one. The spatial
autocorrelation of the field h(x) is characterized by a Gaussian function, i.e.

R(�x) = exp[�(�x/la)
2] (22)

where �x = |x�x0| and la = autocorrelation length. The generation of the random field h(x) consists
of three steps [50]: 1) a standard Gaussian random field bh(x) is generated on a regular square grid
with a spacing of la/4, 2) the value of bh(x) on each facet is determined by using the optimal linear
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